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ABSTRACT 

Lunisolar perturbations for general terms of the disturbing function were 

derived by Kaula (1962).   However, his formulas use equatorial elements for the Moon 

and do not give a definite algorithm for computational procedures.   As Kozai (1966) 

suggested, both inclination and node of the Moon's orbit with respect to the equator of 

the Earth are not simple functions of time, while the same elements with respect to 

the ecliptic are well approximated by a constant and a linear function of time, res- 

pectively.   In the present work, we obtain the disturbing function for the Moon's per- 

turbations using ecliptic elements for the Moon and equatorial elements for the satellite. 

Secular, long-period, and short-period perturbations are then computed, with the 

expressions kept in closed form in both inclination and eccentricity of the satellite. 

Alternative expressions for short-period perturbations of high satellites are also 

given, assuming small values of the eccentricity.   The Moon's position is specified 

by the inclination, node, argument of perigee, true (or mean) longitude, and its radius 

vector from the center of the Earth.   We can then apply the results to numerical 

integration by using coordinates of the Moon from ephemeris tapes or to analytical 

representation by using results from lunar theory, with the Moon's motion represented 

by a processing and rotating elliptical orbit. 

Preceding page blank 
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RESUME 

Kaula (1962) a de"duit les perturbations lunisolaires pour les termes ggneYaux 

de la fonction de perturbation. Toutefois, ses formules emploient des elements 

equatoriaux pour la lune et ne donnent pas un algorithme defini pour les 

process de calcul. Comme 1'a suggeVe* Kozai (1966), 1'inclinaison et le noeud 

de l'orbite lunaire ne sont pas de simples fonctions du temps par rapport ä 

Torbite terrestre, tandis que ces m§mes elements peuvent §tre assimiies, 

respectivement, ä une constante et 3 une fonction linöaire du temps par rapport 

ä l'ecliptique. Dans cette etude nous avons obtenu la fonction de perturbation 

pour les perturbations lunaires en employant des e*le*merts ecliptiques pour 

la lune et des elements equatoriaux pour le satellite. Nous avons alors cal- 

cule" les perturbations seculaires et les perturbations 2 longues et courtes 

peYiodes, les expressions de 1'inclinaison et de I 'eccentricite du satellite 

restant deiimitees. Nous donnons aussi des expressions alternatives pour des 

perturbations ä courtes peYiodes de hauts .atellites, en supposant que les 

valeurs de 1'eccentricity sont petites. La position de la lune est donnee par 

1'inclinaison, le noeud, Targument du perigee, la longitude vraie ( ou moyenne), 

et son vecteur ä partir du centre de la terre. Nous pouvons ensuite appliquer 

les re"sultats soit 5 une integration numdrique, en nous servant des coordonne*es 

de la lune donnöes par les ophomeYides, soit ä une representation analytique 

en nous servant des re*sultats de la theorie lunaire, le mcuvement de la lune 

etant represents par une orbite elliptique rotatoire avec precession. 

VI 



KOHCriEKT 

SHayemiH nyHHO-cojiHe^Hnx  B03MymeHHM  HJIH OCUUIX  yjieHoa  B03f.<yn:a- 

romeil iyHKiimi  6umi  BUBeneHH  Kayjia  (1962).   OjmaKO  B  ero  cfropwyjiax 

iicnoJib3yK)TCH  3KBaTopHaJibHbie  ojieye-HTbi  HJIH  JIVHH  n  tie  jiac-Tce  onpejae- 

JieHHoro  a.nropHTua JJJIR  nposeiieHi'H   BhmwcjieHtfii.   CornaCHO yKasaBirnr.? 

Kosan  (1966),   nan HaKjiOHenwe,   Tan  n ynen JiyBHoi-i  op6r.TH  oTHOCfiTeJibHo 

sewHOro  3KBaTopa  He  HBJIHWTCH  npocTWMK rf.yHKuwfiMW  BpeMeHi'i,   B  TO  Bror/.p 

KaK  cTKOCi'TejibHO  3KiiumiiKi:  Te :*e  caubie  O-ICMPHTH xopoii'o  annpOKci*r.!if- 

poBaKb:  cooTBeTCTBe.mo  KOHCTaHTHoM  H  nvmev.uo'P:  [JyHKiiHeS   BpewieHii. 

B u,aHHo;":  paö'oTe  MM  no.nvqaeM  BOPMymaiomyfo (JiyHKUiw HJIH  nyuuux  B0 3wy- 

üieHy":,   ucnojib3yH  sjieweHTbj  OKJIMHTI-KM  HJIH  JiyHM  n  SKBaTQpnaJibHbie 

aneiuieHTN  HJIH  cnyTmiKa.   3aTew  Ebim:cjiHrOTCH  BeKOBue,   uojir OBpar.i'eHHMe 

i:  KpaTKOBpeweHHbie  E03i.:yi;:e';i;H,   npimeM  11   B  HaKjioHeHim   v.   B  DKcueHTr:,- 

ciTTeTe cnyTHKKa  BwpaxeHHH   ZL&m\   E  Biine   saMKnyTbix   forMyji.   B paOoie 

Tai<xe  npMBeneHti  ajibTepKaTHBHbie   BbipaxeHiTH  ZIJIH  K.paTKOBpeueHHbix 

BOOMymeHHti  cnyTHWKOB,   -faxonF'Ji;ixcH  na  BHCOKO;;  opc::Te,   nppmeM 

cneJiaHti  jjonyaeHi'iH  o  TOM,   MTO  3KcueHTpncnTCT  nneeT  wajibie  3HaMem'H. 

nojioxeHHe jiyHbi  onpenenneTCH  HaKJiOHem:eM,   ysjiow,   apryvieHTOw  nepnrer, 

HcTHHH0M   ( v,jiii  evenHe;:)   aoJIroTOii   i'  paJIKyCOM-BeKTOpOY  JIyHw  oT  u<=HTT a 

sennit.   SaTew  nojiyuenHne  pesyjibiaxbi  MM  uoveu  npiip.'iem-iTb  JJJIH   MI'CJXM;- 

Horo  PiHTerpi/rpoBaHFiH,   ncnojibsyn  KoopmiHaTbi  JiyHH   n3   3anucei"i  aJeviepi;;: 

na JieHTax,   vmi  HJIH  aHajii'Ti-T'-iecKorc  MOuejiKpOBaHiin,   iicnojibsyn  pesyjib- 

xaTbi  jiyHHof!  ToopiHT,   npimew  TiBJ-ixceHiic  jryHb'  nperiCTar-'JieHO  B  BIIJIO 

npeuecci-tpy route il   H   BparafomeircH  sjijmnTr.yeeKoii   opö'r.Tbi. 

Vll 



LUNAR PERTURBATIONS ON 

ARTIFICIAL SATELLITES OF THE EARTH 

Giorgio E. O. Giacaglia 

1.   ELEMENTS FOR THE MOON AND OTHER QUANTITIES 

Let T be the time in centuries of 36525 ephemeris days from J. D. 2415020.0. 

The following values will be adopted: 

Eccentricity of the Moon: 

e   = 0. 054900489    . 

Inclination of the Mcon: 

I   = 5°8'43'.'427 

sin (1/2) = 0. 044886967    . 

Mass ratio, Moon to Earth: 

m/in@= 0.0123001    . 

Mean equatorial parallax of the Moon: 

where 

p   = 57'2*'70    , 

p^ = arc sin (a^)    . 

Mean equatorial radius of the Earth: 

a  = 6378160 in    . 
e 

a  = perturbed semimajor axis of the Moon's orbit. 

This work was supported in part by contract N00014-71-A-0110-0004 from the Office 
of Naval Research, Mathematics Program, and in part by grant NGR 09-015-002 
from the National Aeronautics and Space Administration. 
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Mean motion in longitude of the Moon: 

n  = 13910,341'889902 day"1    . 

Mean anomaly of the Moon: 

M   = 36o55'16'.'80 + 17248787681*05 T + 25'.'61 I2 + 0'.'0438 T3 

Argument of Moon's perigee from ecliptic node: 

w   = ^S^O'lSVeO + 14648522'.'51 T - 37V17 T2 - 0".'0450 T3    . 

Ecliptic longit"He "f Moon's ascending node: 

ß   = 259°10'59'.'79 - 6962911V23 T + 7'.'48 T2 + 0V0080 T3    . 

Obliquity of the ecliptic: 

£ = 23°27,08V26 - 46V845 T - 0V0059 T2 + 0'.'00181 T3    . 

Explicit and precise variations of £ in terms of the elements of the Moon and the Sun 

are also available: 

£= £Q + fi+dw 

(e.g., Connaissance des Temis, 1971). 



2.   THE DISTURBING FUNCTION 

The disturbing function can be written as 

Gm. 
=  i mu. R="7^   >    [i-)  P, (cos*')   , (1) 

where f is the geocentric elongation of the satellite from the Moon. 

The following size considerations apply: 

Gm  = A— n* a° =* o. 0123 nZ a.    , 
C    m   + me   C   C C   (   ' 

also written as 

Gm, = N2. aj?    , N2 =* 1. 59 X 10~5 rev2 day"2 

c    c c c 

The satellite Keplerian negative energy is 

2 .2 
0 

FA = n   a /2    , 

so that the relative size of the perturbing force function is given by 

v=R/F0= 2N2/n2    . 

For low satellites (T =* 90 min), v=*1.2X 10-7.   For high satellites (T =* 24 h), 

v =* 3.18 X 10.   It follows that, in the above range of periods, for moderate eccen- 

tricities, the dominant part of the disturbing function of a satellite is due to the Earth 

oblateness (J„)s and lunar perturbations are about second order with respect to this. 

m&mmm 



Let a, 6 and a', 6' be the right ascension and declination of the satellite and of 

the Moon, respectively (in an equatorial system).   Jt follows that 

cos i})' = cos 6 cos 6' cos (a-a') + sin 6 sin 6' 

Therefore, 

R=5>cac"iRi  ' (2) 

where 

/a:\i + l 

or, making use of Legendre's addition theorem, 

(3) 

V^ST   £ <m ^  *7  <^'> Pr   (^6)cosm(G-aO   , 
vi + 1 

m=0 

(4) 

where 

m     «2   ,      m*0 

Let 

Am=fiY + 1iLlMie     Pm(sin6') Ai      \rJ (i+m)! €ni   f   ^n ° / cos ma'    , 

"T-Ga,+1$7Sf'-F?,<-»^—"' - (5) 



We can write 

1    i Ri=&l (i) 2 <Aim cos "*+BTsin im) pr(sin 6) 
m=0 

Let 

v = oj + f = argument of latitude of satellite, 

ft = longitude (equatorial) of node of satellite, 

I = inclination of satellite to Earth equator. 

By considering the relations 

(6) 

cos (a - ft) cos 6 = cos v   , 

sin (a - ft) cos 6 = sin v cos I   , 

sin 6 = sin v sin I   , (7) 

it follows that 

R 

1       i 
i /r\*   V* V^ i=a(f) LLw 

m=0  p=0 

,m 4 - m even 

i -m odd 

co^ [(i -2p)v+ mft] + 

mi 
'I 
m 
i J 

^ - m even 

sin [(i-2p)v + mil}) 

i -m odd 

(8) 

where (Kaula, 1961) 

imp1'    Z^i'. (jg - i) I tf - 

2i-2i 

m-2i)'. 
. t -m-2i T „ 

sin IX 

X E(nc°8iiE(i-mi2i+i)(p-i'-i
k)H»k-q (9) 

iirttriwiiiriir' 



and 

q = [^-y^J, the integral part of (i - m)/2, 

i = 0,1,2,..., min (p,q), 

j = 0,1,2,..., m, 

k = all values for which the coefficient is not zero; that is, p - i > k. 

bfatait^. 



3.   ROTATION OF SPHERICAL HARMONICS FOR THE MOON 

The spherical harmonics P    (sin 6') e ma  are expressed in terms of 6   and a-, 

the Moon's ecliptic latitude and longitude. 

The relations are given by 

cos 6' e a = cos 5- cos a- + i (cos 6   sin ag cos £ - sin 6   sin £)    , 
~c—C C       "C 

sin 6' = cos 6   sin a, sin £ + sin 6. cos £ (10) 

From the well-known properties of spherical harmonics under rotation, we can write 

i 
i     «—* ira 

„m . .    c,.   ima/      \ ^    m, r nr . .    c * „ 
P^   (sin 6') e =  2^ a£      Fi <sm V e C    , 

T = -l 

m, r where a»    is a function of £ only, ind 

p;m<x)=<-i>m£^ip>> • 

Using the orthogonality conditions of spherical harmonics, we have 

+TT/2 
€    (2i + 1)    {l y r 

,   >   = . x. {-     l       cos 6,, do,, X 
t. 4IT       (i+r)'.   J £     ( 

-rr/2 

2TT 

ima/ „r ,_. ..  f _.m. .    c».   i ma' „r . .    c .   *"" ~<f , X J   P^  (sin 6') e P^ (sin 5^) e      * da^ 

Introducing Equations (10) and computing the above integral, wa find (see also Lee, 

1971) 

*****<*^^ ■M____m ,»AM»^>.v,«.. 



m, r „ (l-r)l     i(m - r)w/2   m, r 
al (I - m)l e ui ' 

where, fcr m+r > 0, 

TTm,r     . ,.i -m /i + m\ /       £\ 
V   =<"2) (i-r)iC0S2J 

m + r  /       c^r"m 

sinT X 

XF 

and, for m+r^0, 

{-I +r, i +r+l, m + r+ 1; cos 

Tm,r     . ,J-r/i-m\ /       £\" f .    £\ Jl      =(-X)        (l+r)Vcos2J fn2J X 

XFl-4 -r, I -r+1, -m-r+1; cos   f)   . 

(11) 

(12a) 

(12b) 

In the above relations, F is the usual hyper geometric series ,F , defined by 

V1 (a)n (b)n xn 

F(a,b,c;x)=2^-7^— nT    ' 
n=0 

'n 

where 

(a)  =a(a+l) (a+2) ... (a+n-1)   , 

(a)0=l 

In both cases, U™'r is a polynomial in sin £/2, cos £/2 since at least one of the 

parameters a,b is negative, and the above series terminate.   The distinction of the 

Circes m + r £ C is necessary to avoid a singularity in F due to a negative value of 5. 

Considering this fact, another possible form for U. '  , valid in any case, is found 

to be 

■iii"--*^""-"-"i- 



. ,.m-r  /      e>m + r /     C\i"- d<+r 

dz i + r 
, I -m.     r l+m,       mx [z        (z-1)        J    , (i«i) 

where z = cos (£/2). 

Now, let 

2A^r=u^,r+(_1)rum,-r   ? 

2Bf'r=U™>r-(-l)rUi
m'-r (14) 

It follows that, for m even, 

■<+1<-»m<m^ m, r „r Am = (-A      U Hi  >     « -r)i c  A;
1
' * Pt (sin 6.) cos Ai     VrJ (* + m)l   L (      '    r  <        i C 

x v r=0 
[4<+ D] 

* r=l 
(15a) 

and, for m odd, 

A 

, _ + 1  , ,. m + 1 ,aA        (-1) c 

1      \r "C' 
(I _>  £ <| - r)l . r Bf' r Pj (sin 6() sin [^ - |)]    , 

r=0 

^1     \r (^-mlT   E (i - r)1 £ r AT' " P" <Sin V C0S H\ ~ 13 
r=0 

(15b) 

*»"'■■''-'"'"■ 



Making use of relations (7) for the Moon, we find that, for m even: 

I +1  . .. m I I 

r= 0 p=0 

,i + l (_!)"%    * 
B™ = (iV    * ^    \™ Y {i _r), e   Bm, r yF       - } siQ „, 
i     \r / (* + m)l   i^j v      '    r   I       /_/     irpv C *pr 

C r=0 p=0 

and, for m odd: 
(16) 

I      ! 

l + l ,  lvm+l i 
(-1) € 

Am = ß^       ~ JE V (t-r)l c    B™'r V F,      (T.) sine;        , 
I     \r / (l +m)J       Z-f v      '    r   I       Z->    /TV

I' *pr   » 
l- r=0 p=U 

B 

i + 1      , m 
a„\ (-1)     £. 

r=0 

i 

f = (£)        W  E « " r)I «r A? r E Firp V cos V   > 
p=0 r=0 

(17) 
where 

J     =(i-2p)Vr(Vl) (18) 

and the functions F       (I ) are defined by Equation (9). 

Finally, the function R   can be written, with Equations (8), (14), (16), and (17) 

taken into account: 

l+l     I       I       t       I 

m=0  s=0  p=0 q=0 

.Jriffi" vv vvi"" '-^<'-s,! 
*) \r 

TV. 'S 

(l+m)'. Fimp^Fmh) 

x [(-i,<
+ m"s u™> "s cos p      ♦ e;qs) + v?>s cos (6ipm - e;qs)]   , 

(19) 
where 

9„      = (1 -2p) v + mfl ipm    x ' (20) 

10 
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4.   SECULAR AND LONG-PERIOD TERMS OF THE DISTURBING FUNCTION 

If we assume that no resonance occurs between the orbital motion of the satellite 

and that of the Moon - that is, pn + p'n^ is not small for small intergers p, p' not 

simultaneously zero - then the elimination of short-period terms (depending on the 

mean anomaly of the satellite, M) from the disturbing function can be obtained by 

making use of the well-known integrals 

2 IT 

^|(f/sin(i-2P)fdM=0    , 
0 

2TT 

-CI+A"I_1 *!"*«»-ciH-r2''1'1 
Ä /  (f/ cos (i "2p)f dM= (1 + n "      *M  ^> = <1 + P">        Hip(2P-i) <p) 

0 
(21) 

In the above relations, 

ß=e(l + ^l-e2) (22) 

and the X's are Hansen's coefficients (e.g., see Plummer, 1960, p. 45) and the H's are 

Kaula's coefficients (Kaula, 1961).   They are defined by, for 2p-i > 0, 

%(2p-*r(-ß) 2p 
\2P-V 

2p-2i-l, 2p-l;ß") (23) 

and, for 2p-jfs; 0, 

Hip(2p-I)    (-(5) 
i-2p /2A

1-2p4-l\ 

{   i-2p ) 
F(-i-l, -2p-l, l-2p+l;ß') (24) 

11 
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In both cases, they are polynomials in ß.   The distinction again is necessary in order 

to avoid Plngular representation. 

The long-period and secular part of the function R. is then found to be 

* . i      !■       &       t      t      .  ,.m ..      ., 

1 m=0  s=0 p=0 q=C 
mp^isqty* 

X (l.ß2)"1 - 1 Hip(2p._0 (ß) [(-l)i + m-S if'"8 cos (9ipm + 9iqs) 

+ ur- cos (eipm - e;qgj]   , .m, s (25) 

where 

0        = (I - 2p) w + mfi    . (26) 

12 



5.   SECULAR AND LONG-PERIOD LINEAR PERTURBATIONS 

The I agrange planetary equations can be written as 

da=_2_ 9R 
dt     na 8M    ' 

de^. 1-e2 3R     frl-e2 9R 
dt 2     8M '      2        8w     ' 

na e na e 

il1 =       cot I        9R       cosec I       3R 
dt 

2 „/r~~2 na   1/1-e ^ 
2 «A     2 na   r 1-e 

dM_       i_i£_aR    _2_3R 
dt      n "      2     ae'naaa    ' na e 

du> 
dt 

cot I 3R 
"   —   9I 

yTT?ag 
2 \T~ 2 na    f 1 - e 

6R 
2 9e    ' 

na e 

dft_     cosec I       3R 
dt =      2  ^7-2   9I      ' 

na    r 1 -e 

(27) 

where n = ^ '    a"       if it appears outside trigonometric functions and 

M o+Jnät=o~nj^j 9R 
2 8M 

dt  dt (28) 

In the above relation, o contains all perturbations defined in the fourth equation 

of (27).   The last term of Equation (28) contains only short-period terms and will not 

be considered in this section. 

13 

BMBte A 



Now, the function 

R = 2>; 
i^2 

2   2-i w „ a,     R. 
C   C       * 

(29) 

does not depend on M and is an explicit function of time only through r , v , and ft.., 

considering L, and £ constants, which is a good approximation. 

The integration of the pertinent equations can be performed numerically by usu.g 

as input lunar ecliptic coordinates - or, for that matter, equatorial coordinates - 

stored in tapes.   This will produce precise evaluation of the true lunar motion.   How- 

ever, such a method can be very expensive in time.   A good approximation can be 

obtained by considering L,, e , a , and £ fixed values and M-, wf, and Q   linear 

f> ictions of time, as given in Section 1, neglecting accelerations of these elements. 

A* so, an expansion in power series of e   will converge rapidly owing to the small 

value of this eccentricity. 
i 

Along these lines, we can consider the expansions 

1 k=-oo 

(30) 

where the G's are Kaula's (1961) coefficients, which in turn can be written as Hansen's 

coefficients 

x-(i+l), 2-2q 
iqk      7-2q + k (31) 

and 

%sk=(i-2q)uC + (i-2q+k)MC + SH+f) (32) 

14 



We also remark that G. . = 0(el ').   These functions are given by 

(33) 

where the J.(x) are Bessel functions with the usual definition 

y L*l 0 + S)!   S! 
s=0 

(34) 

Also, for k - j - m > 0, 

k,j      v KC 
(/. + 1 - m\ 
\k-j-m/ F(k-j-4 -l,-m-i-l,k-j-mf l;ß )        (35) 

and, for k - j - m < 0, 

v*»m- / ft v-k+j+m/i i + 1 + m] 
-k+j + m/ F(-k + j-i -l,m-i -l,-k + j+m+l;ßr) 

(36) 

Here again, the hypergeometric series terminate; that is, they are polynomials. 

However, the G's are infinite series that converge for all e   < 1, although for large 

e, the convergence is slow. 

It follows that 

1      l     '      '      " (-i)mcmcs(^s): 

R.=     >        >>>>.*  ^    Fmp^Fisq^)X 
i   L~d 2~i L-j JLJ L-* 

m=0 s-0 p=0 q=0  k=-<» 

(Eq. eont. on next page) 
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xaVf'-^sp.^ßJG^X 

[H) I + m - S ..m, -s U- '     cos (9.    + 0,   ,) + u"'  cos(ö\     -et   .) y ipm      iqsk'       i y ipm      iqsk'J 

(37) 

In the foregoing expressions, the U's are functions of £ only and, therefore, supposed 

to be constant. 

The following particular terms will be defined: 

R 
™ <mf0('-s>! 

. m   m   s 
1 mspqk '™ (i + mV.     FisqVGiqk<eC)X 

X-'a^'^i^WH^.^X 

x [<-!)'+ m~8uJ°'-Bc; mspqk      i i mspqk 

^ /       TX C iv* + m-s TTm, -s „+ , T.m, s „- 1 
^mspqk^^H V     Ci mspqk+ V    CimspqkJ 

where the definition of $„ , is obvious and i mspqk 

(38) 

+ * 
C,        , = cos (Q\      ± e„    .) £ mspqk v ipm      iqsk' (39) 

The following quantities will also be useful: 

+ _ * 
ST        , = sin (9.      ± 0.    ,)    , imspqk l ipm      iqsk'    ' (40) 
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D 
imspqk = (i -2p) ü + mQ± [(i -2q) w   + (i -2q+k) M   + so J    , (41) 

and 

J< £ mspqk dt = S^        , /D*        , i mspqk/   i mspqk (42) 

In the above relations, we are using the secular rates of the Moon's motion as given 

in Section 1 and, for the satellite, as given by the even zonal-harmonics coefficients. 

The dominant terms follow: 

U='4J2 #' 

2     -       * 2T - 5 cos I 
,1 2N2 

(1-e ) 

Q- 
3 T   ( e)     cos I 

~2J2W   nA
2   > 

M= n 1 + 

(1-e) 

2 

(1-eT 
1      fo\    -1 + 3 cos21 
4   2W     /, _ .2,3/2   _ 

(43) 

The relation between a and n is the perturbed Kepler lav/ 

2 3    0 n a  = Gm 0 1+!J2 # 

2 o -, 
1-3 cos"11 

(1 -e^) 
(44) 

Now, let 6, e„ ,,...,6,0, , be the linear long-period and secular perturba- 
' 1   imspqk5       '   1   imspqk to r 

tions that are obtainec. crom Equations (27), integrating the right-hand members 
2   2-1 — (a,e,I fixed) and substitu   ng Nr a,      R, , for R.   The partial derivatives enter- v '   » ' C   C imspqk 

ing Lagrange's Equations (27) are given by 

3R, 
^^ = *, ,(2p-i) 8w ims.jqkv K     ' 

f+m-s    m,-s   + m,s   - 
{ i} ui imspqk       £ imspqk 

(45) 
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8R 

8J2 ^Imspqk "^   ' i I mspqk      4        I mspqk 

(46) 

an 1 mspqk _ i^ ^ 
9a a   imspqk   ' 

(47) 

3R ,1 Imspqk gg ff „*     . 
81 i mspqk x 1 mp       i mp'    ' 

and 

(48) 

8R imspqk _ 7T rH _ He n 
8e        " "imspqk Lnip(2p ~i)     nip(2p-i)J    ' 

(49) 

where, if only terms with positive powers are considered, 

FI      m ar Jgl-2i)!2^ 
imp1'   Z-f i! (1-1)1 (i- 

2i~2i 

m-2i) 
.   i-m-2i-lTw -sin IX 

X yj (^J |(f -m-2i) cos2 I - j sin2 i] cos^ " X I X 

X £tm
k-2i%-ri)<-i>k-q (50) 

with the same summation conventions of Equation (9): for 2p-i > 0, 

H" ip(2p-i) 
ii -2 

e  fl-e 

(2p-i) 
1     1 + 1' 
ß    l + ß2J 

Hip(2p-i) + 

2(urt(-P)»-i + A(g!i) (i+2^Pi  "-^(-l^p-^^p-i + l-/)! 
(51) 
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and, for 2p -1 < 0, 

Ke = L - 
ip(2p-D ^  -2 

e   Tl-e 
««-*•?-^i H. ß     1+ß2J   "lp(2p-i) 

2(l + ^(V-2P+H2^"?P2p1)^2^
LliFH,-2p,i-2p+2;ß

2
)j 

(52) 

The following definitions are introduced: 

* imspqk <-1>m<m^mi"lfl)'F|8q<I(>Giqk(VX 

Xai<1+P2)"i-1Finva)Hip(2p.i)(P) , (53) 

*? i = *i i (H-»He)    , imspqk       i mspqkv ' 
(54) 

*I i = *, .  (F-F1)    , imspqk      imspqk v '    ' 
(55) 

r -/-ni + m"sTjm»"sc+ +um,sc" Ci mspqk" ( 1} Ui imspqk     ui       imspqk    ' 
(56) 

Jl mspqk 
= (i-2p) /-ni + m"sUm»"sC+ /D+ + 1    ' 1 imspqk/   imspqk 

+ Um' S C~ 'D~ i i mspqk'   i mspqk 
(57) 

C„ , = m imspqk 
.i+m-s    m, -s c+ /D+ + 

*~ ' i imspqk/   imspqk 

m, s 
i       ^imspqk/"imspqk + ur,Dc ./D (58) 
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and 

Simspqk" ("1>i + m"8 V7'~* Slmspqk/D/m8pqk + VT'* S/mspqk/Di~ mspqk/   i mspqk 

(59) 

Thus, we can write 

J       8u i mspqk cii i mspqk   i mspqk   ' 

fjmsoqk a 
J       9«       OT    *i mspqk V 

3R. 
JE» ,» ^ * 

i mspqk   I mspqk   ' 

f^imspqk^i! 
J        da. a    i mspqk  J a    I mspqk  I mspqk   ' 

imSpqKdt=$e 
9e i mspqk  . I mspqk   I mspqk   ' 

I mspqk d       I s 
31       ai    ^ mspqk  J I mspqk  i mspqk 

The above integrals are not valid if the integers 

j?~2p, X-2q+k, i-2q, m, s 

are simultaneously zero; that is, we must exclude the cases 

m= 0 , 

s= 0 , 

2p = I •- even = 2y  , 

2q = I = even = 2y , 

k = 0    . (60) 
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They correspond to secular perturbations and, in this case, 

9R2V,0,0,Y,V,0 = *%, 0,0,^,0 
3u> 3« 

In order to evaluate the other three integrals,  we must consider (i = even= 2Y): 

i=0 

H, 
2Y: jYf0=F(-2Y-l, -2Y-1, l;ß2)=  2 

2YL1   (-2Y - 1)    <-2Y - Dn    2n a         2 ß^n   t (62) 
n! 

n=0 

and 

H; 2Y)Y,0 IT?    £1 

2Ä    (-2Y - l)n (-2Y " 1) 
(n- 1)1 

n ß2n (63) 

Therefore, 

9R, 
•2\|0|0|YIYIO = 2V.R 

8a a n2Y,0,0,Y,Y,0    ' 

8R 
'2Yi0i°iYiYt0=R (F -F1 ) 

91 n2Y,0,0,v,Y,0<  2Y,0,Y        2Y,0,Y
;
    ' 

8R, 

de K2Y, 0,0, Y, Y, ° (   2Y, Y, 0     n2Y, Y, 0; 

The long-period perturbations are given (excluding cases (60)) by 
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6,e. , = N7 a 
Jf? 

*, 1  imspr;k      (   (      V        2e     ~i mspqk "i mspqk/   » 

- rf a? -'  ä  („<* I c;msp(lk - cosec I cfmspqk) X 6. I,        , = N; a 
1  imspqk      C   <^ 2 i/,     2 vr: na    Fl-e 

X* i mspqk    » 

,.   ~ x.2   2-i    1 
o, M, , = N- a.       —ö 

1    imspqk      C   C       n&2 
9 i mspqk/  i] e      'Imspqk ~ i mspqk/ "i mspqk   ' 

K   - XT2   2-i     1 
o. w. , = N„ a„       —ö 1   imspr:.k      C   C        ^2 

cot I     .I i£ 
15 

e *e 

l-e 
2     imspqk e I mspqk/  imspqk    ' 

6, a XT2   2 - i      cosec I     „I 
imspc;ik      (   ( 2 na-VT7 

i mspqk    i mspqk 
(64) 

The secular perturbations are given by 

K   M M2   2_2Y _L [L 
°1 M2Y, 0,0, y, Y, 0     ~\ \ na2  |_   e      "2Y, 0, 0, Y, Y, 0 R, (H — H ) + 

*Y\o)olY,Y)o]1   ' 

,    - 2    2-2y    1 
°1 W2Y,0,0,Y,Y,0     W 2 na 

cot I 
R, r-—2    2Y,0,0,Y,Y,0 

(F - F1) + 

VT^e2 - e 
e 2Y, 0, 0, Y, Y, 0 

(Eq. cont. on next page) 
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r   — xT2   2-2V    cosecl    fc rr—F*\lt 6iß2Y,o,o,Y,Y,o=Ncac o.nN.M.M/^   F)J 
na 

2VTT2 

(65) 
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6.   SECULAR AND LONG-PERIOD SECOND-ORDER PERTURBATIONS 

2 2-1 
In a second-order evaluation, that is, if terms of the order JLN.a,      are con- 

2 c C 
sidered, it will be necessary to take into account the secular changes in M, u, flowing 

to J„. Such changes produce the largest higher order perturbations since they produce 

amplitudes that increase linearly with time.   Let 6„ M, 6„ ÜJ, and 6„ ft be these 

perturbations.   Taking into account only secular coefficients and noting that 6. a= 0, 

wt h?.ve 

dt<62M>= äe-6!6^6!1    ' 

dt<62 ^= ai 6ie + "ffl 6
I
J
   ' 

d   .,    -      9ft   ,   - . 9ft       T 

By considering Equations (43), we find that 

  2   
d  ,,   r:,    „  %[.     2 1-3 cos I • c   -    „ \7   2   .   T A r   r -?r (6_ M) = 3e f 1 - e T- u 6,e + 3 fl-e   sin I ft 6   I    , 

1-5 cos I 

^r(6. ^--^ w 6, e+ 5ft sin I 6. I 
dt v 2    '     ,     2        1 1 

1-e 

^r (62 ft) - —~ ft 6j e - ft tan i 6j I    , (66) 
1-e 

where, again, w, ft   are given by Equations (43).   It follows that 

Preceding page blank 25 

■IIITIIMMIIIIH" mtutam 11 i ■' iiMainilniiiii 11 aauMmtamtmiUättitt^ n  



6   M= 3e^? 1 - 3 COB
2
I Ü f 6   e dt + 3 Vl -e2 Q sin I j by I dt   , 

1-5 cos I     ^ ^ 

6   ÖJ = ^ w 16. e dt + 5 Q sin 1 I 6   I dt   , 

62 ß=-~nj öj^dt- ß tan I j 6. I dt   . (67) 

Secular accelerations do not exist, since e, I have only long-period terms. 

Therefore, conditions (60) have to be excluded.   If we consider the first two Equations 

of (64), it follows that 

fcw dt = Sw 
J  imspqk imspqk   ' 

/« 
CQ dt = S° imspqk imspqk   ' 

where 

i mspqk    \2 
i + m-Sum,-Ss+ + 2 + 

*   ' i i mspqk/v imspqk7 

+ Um' S S~ /(D~ \* i        imspqk/v imspqk' (i-2p)    , 

3n 

i mspqk 
i + m-s    m,-s   + .   + 2 + 

v    ' i imspqk/v imspqk7 

■    TT^J °   C— //T>_ V 
i        imspqk/* imspqk' m (68) 
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■    ! 

It follows that 

2    imspqk      CC 2      I    j _ 5 ^ •e   w -I-—-—— f2J X 

»T? 
to 2   2-13* £2 

X *i mspqk Si mspqk " **( \      Z2 " *' mspqk Si mspqk   » 

6„ C, ,=N?a?"i  (-4Ü + 5fi cos I) *f . S^        . 2    /mspqk      (   £ _   / 5 x imspqK   imspqk 
na vT? 

,ft ^a2"' 5fl  
C   £ o   ' 0    imspqk  imspqk   ' 

naZVl-e2 

6„ n ..2   2-i         5fl , = -N„ a,       «I», S.      _ ,  + 
2 " imspqk        C   i 2  / 2    'mspqk  'mspqk 

na VI-e 

+ N2   2~l     n secI      $ sß 

C \ o   / 9      'mspqk   imspqk 
na2ri-e 

(69) 

The total long-period and secular perturbations, including leading coupling terms with 

J2, are finally obtained by 

6e = 61 e + 62 e    ,  • • • ,   6J2 - 6^ -•- 620    . 

Obviously, the above relations are not valid for cases of critical inclination or satel- 

lites whose periods are commensurable with the rotation period (24 h) of the Earth. 
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7.   COMPUTATIONAL PROCEDURE FOR LONG-PERIOD 
AND SECULAR PERTURBATIONS 

In short, to obtain long-period and secular perturbations due to a term R. . 

(Eq. 38), we proceed as follows: 

7.1  Long-Period Perturbations 

Compute, given means elements a, e, I, e., I., £, and J„ 

1) 
xr2   2-i 

2) ß(22) 

3) FisqV(9) 

4) FimpW<9> 

5)  Glqk(V (33)' (34)' (35)' °r(36) 

6> Hip(2p-i)(ß)(23)°r(24) 

7> *imspqk (53) 

8) U™' "S, U™>S (12a) or (12b) (£ from Section 1) 

9) u, ß(43) 

10) 9ipm (26) 

11) u , M , ^ (Section 1) 

12>  %sk <32> 

13)  Cimspqk <39> 

14>  ^mspqk <40> 
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15) «c, ß(, Mc (Section 1) 

16) u, 6, M (43) 

17> °f mspqk <41> 
18> FU <51> 
19>  ^ptfp-i) <51> OT <52> 

20> *i mspqk (M> 

2i>*imspqk<55> 

22>Cimspqk<56> 

23>  Simspqk<59> 

24>  C?mspqk <57> 

25>  CLspqk <58> 

^  SLspqk <68> 

27>  SLspqk <68> 

28) 6j (element^ mgpqk (64) 

29) 62 (element^ mspqk (09) 

30) 6 (element) =6, (element) + 6„ (element) 
Complete long-period perturbations. 

7.2  Secular Perturbations (i even= 2y) 

Given a, e, I, e , I , £, ß (mean values): 

i)F2V,0„V(9) 

2>   F2Y,0,Y^<
9

) 
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3)  G2Y,0,0 (eC) (33)> (34)' (35)' 0r (36) 

4> V,o«W 
5)   U^°(12b) 

2Y,0,0,Y,Y,0 

7)   C2Y,0,0,Y,Y,0=1 

8> S2Y,0,0,Y,Y,0(38) 

9>F2Y,0,YW(61) 

10>   ^V,0(ß)(63) 

"> VO,O,Y,Y,O^-FI>(38) 

12>N,O,0,Y,Y,0<H-He)(S3) 

13)  6. (element, secular) (65) 

Complete secular perturbations. 
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8.   SHORT-PERIOD PERTURBATIONS OF LOW SATELLITES 

During a few revolutions of the satellite, where short-period variations are of 

interest, the position of the Moon and w, Q change little for low satellites.   Then, as 

Kozai (1966) suggested, we can consider the elements of the Moon, u and Q, fixed when 

performing the integrations.   In this case, the appropriate expression for R. is given 

in Equation (8), since here it is immaterial what frame of reference is being used for 

the coordinates of the Moon.   The particular term R. will be written as 

t     l       * 
Ri = a' (!)   EE  Ff rnp«1* K C0S ^ -2*>V + mV] + 

m=0 p=0 

+ S™ sin [(4 -2p)v + mfl]}   , (70) 

where 

m   \AT   »        ^-meven 
C"      ■ -Bt" , i - m odd    , 'i      ( ~m 

iB       ,        I-m even 

*       I A™    ,       l-modd    . (71) 

The coefficients C's and S's depend only on the Moon (5).   The values of r , v', and 

Q', given mean elements a    e , I„, £, and the time T, can be computed by consider- 

ing w„ M„, and n   (Section 1), then solving Kepler's eauation 

M, = E. - e   sin E      , (72) 
i     i     {i        <*. 

computing L from 
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tanS = £ tan^y—Jtan 2 (73) 

computing 

computing a-, 6  from Equations (7), and finally a', 6' from Equations (10). 

Let 

Ri mp = a   ©   Fi mp « < cos 9       + Sm sin 6      )   , !mp ipm 
(74) 

where 

%m=(i"2p)v + m" 

The following relations are easily established: 

8R 
*2E=i R 
9a       a    imp    ' 

(75) 

n o 

9e e     W  "imp       e \r/   imp 

I- 1 
+ (i -2p) a  (-)        F.      a) (-Cf1 sin 9.       + x      *'      \a/ impw V   i ipm 

Simcoseipm)sinf  (X +1 7^2)   ; (76) 
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3R A I 

IT* = a* (?) FL.d) (C? cos 9,      + Sf1 sin 8,     )   , a Va/    impw V / ipm     i ipm/   ' (77) 

where F.      (I)is given by Equation (50); 

—|S2 = It - 2p) a1 (I)  F,      (I) ("Cf sin 9,      + sf cos 8,     )   ; dw r/      Va/     impw V    i ipm      i ipm/   ' (78) 

^jmg ___l/r< 
9ß 

m a (?)  F.   „(I) (~cf sin 8„      + S™ cos 8„      )   ; Va/     impw V   i ipm      i ipm/ (79) 

and 

8R imp    .       e       a „          .   , , 
^rr11 = t  R„      sin f + 9M             i x r imp 

|/l-e 

1-2 
+ (i - 2p) ai Vl-e2 (^)        (-cf sin 9,      + S™ cos 9,     \Y e      (I)    • Va/        V    i ipm      i ipm/   impw 

(80) 

For short-period perturbations, we make use of Lagrange's equations (27) whert. R 

is substituted by 

2TT 

1    [ 2rr   J R = R - 7T-    I     R dM    , per. 2TT J ' 
0 

(81) 

and integration is carried on with respect to dt = dM/n, considering all other angles 

and actions to be constant. 

The computation of the average of R with respect to M involves the following 

integrals: 
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2ir 

4,P=äJ (f)icos(i-2p)fdM=(i+ßV-14;io"2p<ß) ■ (82) 

2TT 

4,P=Äj  ©i"2co8(/-2p)£dM=(l+ßVi + 1x'0,"o2,l"2P(ß)   '   (83) 

2ir 

l£'P = A  f  (?f "    cos (i - 2p) f dM = (1 + ß V Xj V'' " * <P) 2ir J    Va^ 
(84) 

2ir x 

£'-£/©" s-^-2p)fsinf dM = 

and 

,iR2,I /lvl-l,l-2p-l     1-J-l,i-2p+l\ 

(|)   sln(l-2p)f sinf dM = 

(85) 

„    .2.-i-l/lJ,i-2?-l     l^,i-2p+l\ 
= U + ß) (,2 X0,0 2^0,0 )    ' 

where X^' J. ((3) is Hansen's coefficient defined by Equation   (23) or (24). 

It follows that, by defining 

(86) 

and 
W<SinWSrC0S%m    > 

C       = C™ cos 6,      + S.   sin 0. _    , 

(87) 

(88) 

where 0        is given by Equation (26), we have 
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2lT aR 

imp    2TT ,/ 3M 

2 w flR 

ipm   ' 
(89) 

x(3)    s 1   f'^EdM-ma'F,      (D^S 
imp    2TTJ 80! impw   1 ipm    ' 

(90) 

2lT 

T(4)    =±f   "inPjM.fe2-.! ai F       mi^c.      + Iimp-2TrJ 3e     °M e      a   'imp11'*2     '"ipm 

+ ^ a' Fimp^ 4,P Üimp " « -2P) a' Fimp^ £* Ci pm 

P-^-^W^'^lpm     > (91) 

2TT
 AR 

T(5)    _1   f        jmPdM=2iai"1F        (I)l!'PCÄ Iimpss2»J 3a     aM      £ rimpwll     ^ipm 
(92) 

and 

2TT 

I 
(6) 
imp    2 

8R„ 
1  f   r^2£dM=aiFI 

a mp(i)Ii'  cipm 
(93) 

Now it is necessary to evaluate, in closed form, integrals of the type 

jR+iJI    EJ    =fg)Pei£lf 

DQ PQ      pq    JVa/ 
dM (94) 

for q = 0,1,2,..., p + I and p = 0,1,2,... . Introducing dM = (r/a) dE, we u )tain 
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in-ftf1** > 

where 

er1-«•- e cos E) , 

eiqf = ^ [(cos E _ e) + iTJ sin E]q   , 

Therefore, 

pq -Jffif 
p+l-q 

[(cos E-e) + it] sin E]q dE 

with 

p+l-q > 0 

It is easily found that 

p+1 

J    =    V      - K     (e) (sin YE - i cos YE) + K   Q(e) E   , 
pq     JLJ     Y   WY W" 

Y=-p-l 
'• • -k 0* 

(95) 

where 

a    k     s * 

X 

xe2k+q-a(i + n)Q"k"8(i-u)8   > (96) 
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in which 

a= l\', M + 2, M + 4, ..., porp + 1    , 

k = i1 2 a~V 

s= 0ti,2,..., a-k    . 

Thus, 

J     s I (f)   cos qf dM =     y*    - K       sin v E + K    _ E 
pq  J w       ^ 2—/   Y   PQY pqo 

Y=-p-l 
(Y*0) 

and 

(97) 

pq ./ 
sin qf dM = 

pfl 

Y=-p-l 
(Y#0) 

~ K       cos V E 
Y pqY     Y (98) 

The following integrals are then established: 

3R, imp = f   _fmg d       i   i __e_ T, I I x- 

fl-e 
ipm 

(j1^    i   /,    o      , -J?   i   i    o      i)s-     ]+ (f -2p) ai f'l-e   F,       (I) X V  i-l,i~2p-l      i-l,i-2p+l/   ipmj    v       *'       f lmpK ' 

X \Ji -2,i -2p Cipm + J* -2,i -2p Sipm)    ' 
(99) 

Al mp s f ^£in£ dM I /I 
2 J      9u l       r/ impw v   St c--~ ^fJ^nW    » impv ' V   i,i -2p   ipm      £,i-2p   Ipm 

(100) 
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and 

-lg* dM = ma' Fimp<I> (-^ _2p Cfpm ♦ J* , ^I|pJ   , 

(101) 

3R. Ai-».Jqg«-M.i- e 
le2-l 

Flmp(I) VY -2,1 - 2p Clpm + Jf -2,1 - 2p S*pm) 

+ ' i a' Flap W (Jf-1,1 -2p Cipm + J5 - 1,1 -2p Sipm) + 

4aiFimp^[-(Jf-M-2p-l-Jf-l,i-2p+l)Üipxn + 

+ VJi-l,i-2p-l" Ji-l,i-2p+F S|pmJ + 

+ l a' A <* -2P) FimP« [-(J?,i -2P-1 " *?,! -2P+l)Üipm + 

+ W,i-2p-l"Ji,i-2p+l^ipmJ   ' 

(102) 

JBR. 

(103) 

Now, if we make use of Lagrange's equations and consider Equation (81), the 

short-period perturbations due to a term R^      are given by 

XT2   2-1     2   Aimp Aa.      = N„ a.       —5- A, , imp      ( 2      1 » 
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T2   2-1 

-,mp=^ ^ [»^?Aimp-(4mp-CMä - n a e 

M2    2-i N„ a 
^imp=-^— eosecl[(AfP-f)pM)cosI-(AfP-I^pM)]   , 

!mp      2   2^,     2 n   a   f 1 - e 

vT2   2-1 

*w--H- [u-2)(Aimp-CM)+2a^A5mp-f,!,pM)]-'M,mp - 2 2 
n a e 

, a 
Au imp LS— [-eco«l(A'6-P-lf)pM)Ml-e2,(Ar -C-3    ' 

2 2   t/T     2 
n a e f1-e 

XT2   2-i T N„ a„      cosec I 
Aß.       =-L-L 

imp 2 2 -/T" n a   f l-< 

/imp      (6)    M\ 
VA6 'imp    '   ' 

(105) 

where 

A'M. !mp 

ovr2    2-1 

2 2 
n a 

JAJ"* dM (106) 

remains to be evaluated.   This last involves the evaluation of the integral 

JVM=/; L    =   |J     dM= |J     (1-e eosE) dE= iA+ i L* 
pq   J pq       J pq1 pq      pq 

It is readily fcund that 

J pq 
LR = I J"  dM = 

pq  J pq 

p+i s 

£     4KpqYCOSYE + KpqOT 
Y=-p-l  Y 

(Y#0) 

(Eq. cont. on next page) 
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pfl 

-eKp^CEsinE + cosE)*!    ]T    _-L_ Kpqv cos <Y +1) E + 

Y=-p-l 

pfl 

I   ^      rr>K     cos(v-i)E   , (107) 

Y=-p-l 
(Y*0,Y*1) 

and 

L1   =  IjLdM 
pq   J pq 

Y=-p-l 
(Y*O) 

pfl p+1 

#   y^        , 1 7T K       sin (Y + 
2    Z-rf      Y(Y+1)    WY Y *E+i E   Y7Y^)KpqYsin(Y-1)E 

Y=-p-l 
(Y#0,Y#-1) 

Y=-p-l 
(Y)tO,Y^l) 

(108) 

Therefore, 

A,_,              3 XT2   2-1  iai-2       e 
AMimp=-2NCa([        —2~   n    VTT2 

F
imp® |>Li-l,i-2p-l 

T1 ^r       f(TR -LR )S     1 lji-l,l-2p+r^ipm    VJji_i,i-2p-l    ^1-1,1-2p+l/   ipmj 

J-2 
3N"\"i (^-2P)%: ^ FlmpW^-V-JJpSlpm 

L1 C       ) 
jf-2,l-2p   jfpm/ 

(109) 
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9.   COMPUTATIONAL PROCEDURE FOR SHORT-PERIOD PERTURBATIONS 
OF LOW SATE LUTES 

Corresponding to a particular term R,      (Eq. 74), the short-period perturbations 

(C, w, n fixed) are computed as follows. 

Given mean elements a, e, I, e , I , and £, we compute 

2)0   (22) 

3) Given M , compute E , f 

4) Given w , Q , and a , compute r , v 

5) ac, 6C (7) 

6) a', 6' (10) 

7)  Pm (sin 6') c?s m 6' '    I   y ' sin 

m   „m 8) A;", BJ' (5) 

9) Cm, Sm (71) 

10) Given M, w, and Q, compute E 

U> %m<26> 

12> Cipm, S,pm (87), (88) 

13) Fimp(I)(9) 

H)Fjmp(I)(50) 

15) X^j0(ß)(23)or(24) 
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— _J_ 
i i-2p 

i-2 !-2p 

i-1 i-2p 

i-1 i-2p-l 

i-1 i-2p+l 

I i-2p-l 

i i-2p+l 
I 

16)  K^e) (96), Y= -p-l,-p,.-.,p,p+l 

i-1 i-2p-l 

i-1 i-2p+l 

i-2 i-2p 

i i-2p 

i-1 i-2p 

i i - 2p - 1 

i i-2p+l 

17)  iJ'P   I^'P   ..., i£»P (82) through (86) 

i8)^^---C(89)through{93) 

19) J~* , J     (97), (98) (same range for p,q as in (15)) 
PH    Pvl 

20) A^P, A^P, ..., A*mp (99) through (104) 

21) Lm> Lk(107)' (108) "    | 

i-1 i-2p-l 

i-1 i-2p + l 

i-2 i-2p 
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I 

22>  A'Mimp<109> 

23) *las,.:,*alnp{m 
Short-period perturbations completed. 

i i 
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10.   SHORT-PERIOD PERTURBATIONS OF HIGH SATELLITES 
WITH SMALL ECCENTRICITY 

When the satellite is high, for example, close to a 24-h period, the Moon can no 

longer be considered fixed during a few revolutions of the satellite. Here we consider 

also the variations of w, tt, in contrast to what we have done in Section 8.   In this 

case, the integrals found in that section have to take these variations into account. 

This can be done only if the eccentricity of the satellite is small so that power series 

in e will converge rapidly.   Thus, the disturbing function obtained in Equation (19) 

has to be developed in terms of M, M . 

The following expansions are well known: 

^ k=-oo 

and 
x 

(!) 
sin 
cos 

[(i - 2p) v + m£2] ipj* ' cos    impj    ' 
3=-° 

(111) 

where 

eLk= (i -2q) "<?+ (l ~2q+k)Mc+ sh+1)' (112) 

9„      . = (It -2p)w + a -2p +j)M + mU    , 
imp]     v       tr'       v (113) 

and H.  . (e) are Kaula's (1962) coefficients.   These can also be written in terms ol 
"** XT J 

Hansen's coefficients by 

"i»^-4'Xlp^ ^pj 
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The coefficients Gf ,(e) have been defined in Equations (33), (34), and (35) or (36). 

The classical expressions for Kaula's coefficients are (e.g., Plummer, 1960, p. 45): 

Hipj(e)=(l + ßV "    ]£  J.[(i-2p+j)e] ^^p+^r °(e'3')   > <114> 
i=-« 

where J.(x) are the usual Bessel functions and xf* m(ß) are given in terms of hyper 
geometric series (which always terminate), as follows: for k - i - m 2 u, 

X^m=(-P)k-i"m(i
k
+.}:^)F(k-i-i-l,m-i-l,k-i-m+l;p2) 

(115) 

and, for k - i - m =s 0, 

4;r=(-prk+i+m(i:i:m)F(-k+i-i-i, m-*-i, -k+i+m+V) 
(116) 

It follows that 

V 
I I I I 00 00 

" 2^  Z*   2-f   2-f     2~J    2-d   Rimspqkj    » 
xn=0  s=0   p=0   q=0    k=-<»   j=-oo 

where 

R 
(-I)m,m€s{i-S)! 

i mspqkj (I + m) 7m*  a   Flmp(l>Fl8qVX 

(Eq. cont. on next page) 
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XGiqk<VHiP3(e)   hi+m-SC~ScOS<9lmpj + 0U) + 

+uT8co8^»rt-ei«,iil • (117) 

In what follows, it will be clear that we should have 

I - 2n + j 4 0 

We can make use of the fact that 

9F(aAc?x)=abF(a+1>b+1>c+];x) 
ax 

and 

3J.(x)     1 

8x f[Ji-lW-J1+l«]    , 

and arrive at the following relations: 

8xf 
v*tm = k 
*k      ~      9ß 

, m     __ 

5--Z ta^r 
i<k-m 

?H^HWH^r'/ 

Z !',M^r*2%zl['.-i<ta>-^iH4;r! - 
i>k-m 

(118) 

where, for i< K - m, 
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k-i-m+l /i + l-m /i + 1 - m\ 
Vk-i-mA 

X (k"iki-"li)£°"<"1)Ffr-|-i» -»■'• ^i-+2;ß2) (119) 

and, for i > k - m, 

9X^'m 

k,i   _      3ß X 

X^l'ä^T^ F<-k+i"^ »"'. -k + i + m + 2;ß2)    - (120) 

Finally, 

N     _ 8HC i.       ß       yM-2y 
*PJ~    ae / 2    i-2PHJ ef^Te" 

(121) 

Let us consider the definitions 

D£ms   kj = (i -2p)u + (I -2p + j) M + mß + (i -2q) ^ + (i - 2q + k) Mc + sf^ 

(122) 

and 

Dlmspqkj= (*-2PN+(-*-2P+i)M + mß- (l-2q)ü|(- (I -2q+k) M{ - s^    . 

(123) 

We easily establish that 

(1) s f
aRi mspqkj A = 

£ mspqkj    J        3M 

= R 
W'8-v?>%-2p+n/B;mspCik. ) 

(124) 
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and 

B ' mspqkj    J 
mspqkj dt = 

R 
\u,m-s-u(",.s,i-2p)/D;mspqk) / 

£ mspqkj JTTm, ~s     „,m, -s 
U r -c-^-*^;***» 

(125 

B (3) 
mspqkj 

/ AR 
_Jms£qkid 

8J2 

= R 

iT.m, s     TTm, s    A, 
\h. >    -U   '   m/D i        7   i mspqkj 

im 
...    / 

spqkjj   m,-s        m,-s   / + . 
i i '   i mspqkj 1 

(126) 

B (4) 
I mspqkj 

=. f^Ls?saäfei.dt = - B
{5)

      (H   -N   } vj-J 8e dt    I  Bimspqkj tH!pj     %j'    ' 
(127) 

B (5) 
jf mspqkj 

= f 
9Ri mspqkj dt_ 

J 9a 

TTm, -s        m,-s/n+ . 
lV      — ^       /Di mspqkj/ 

- ±t„ ,.   ITm, s        m, S/„- , 
a    I mspqkj, U, '   - U,     /Dimspqkj    ^ 

cos -—sin 

IR (128) 

(6) = f
9Rl mspqkj      = a     (5) ,p 

Bimspqkj 'J 91 I     imspqkj1 -F1      \ 
I mp        i mpJ (129) 

f mspqkj 2 
9. /• 

3 .j!.2-i rB(D  _ dt= 
l mspqkj 

U 
m, s _ um, s /(D 

= --77 N., a,      R 
jf mspqkj 

i mspqkj   i U :
m> "s _ T!m' ~s //D+ 

cos — sin 

up 7(D 
/ / 

2 
spqkj'   \ 

(130) 
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Finally, the short-period perturbations are given, for all terms lor which 

!-2p + j*0    , (131) 

by 

A, =N2
a

2-|-2-B(1) 

imspqkj       (I       na    imspqkj    ' 

Ae 
2   2-1 fl-e2   \J 

imspqkj     "t "€        na2e 

,(2) 'l-e2B(1) -B i mspqkj       i ropsqkj 

AI 
,T2   2-i     cosec I 

= N„ a. 
imspqkj       (   ( 2   I 2 

na - 
l^? 

B(2) cos I - B(3) BimspqkjC0S1    al mspqkj 

M2    2-i       1 AM. , . = -N- a,        —x imspqkj (   (        „.2 na e   L 
(l-e2)B<4>      ,. + 2eB<5>      .. v '    imspqk] imspqk] 

+ A'M i mspqkj    ' 

XT2      2-i 1 ., = N„ a. 
imspqkj       C   C 2    / 2 

na eyl-e 

-p R(6* cotI+Ü-e2> B(4* e Bi mspqkj COT l     (1   e ' aH mspqkj 

AQ - N2   2_i     cosec I (6) 
imspqkj       C \ 2  i \     imspqkj    ' 

na f 1 -e 

(132) 

which completes the calculations. 
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11.   COMPUTATIONAL PROCEDURE FOR SHORT-PERIOD PERTURBATIONS 
OF HIGH SATELLITES WITH SMALL ECCENTRICITY 

The sequence of calculations to obtain short-period perturbations due to a particular 

term, R ,., of the disturbing function (see (117)) is now given- 

• • " • • • 
Given mean elements a, e, I, M , «,, £7,, M, u>, ft, £, M , w , ilr, M, w, ft, 

\ ^ 4 -i. V» 1 

ß, compute, for any term (I, m, s,p,q,k, j), i -2p+ j # 0: 

10 

11 

12 

9^    ,, 9„      . (112), (113) isqk'    fmpj v      » \      > 

J. [(I -2p + j)e]   (Bessel function (34)) to the approximation required 

^-Vp^<ß> <115>or <116> 

F„       (I) (9) i mp w y ' 

FisqV(9) 

Giqk<ec) (33), (34), (35), and (36) 

Hirt(e)(114) 

¥^^(119) 

zl,m 
^-(ß) (120) 

Y^'m(P)(118) 

N£pj(ß)(121) 

"imspqkj <122>>  <123> 

53 

mUaüHaHUätmaz i... null   ii      i         i-     ■ Tin i   fltriai 



13)   Um>S, Um» "S (12) 

»« 14)  Bj^gpqkj, i = 1,2,..., 6   (125) through (129) 

15>  A'Mimspqkj <130> 

16)  Aa, ,,.•., Afi, , . (132) imspqkj'      '       imspqkj x      ' 
Complete short-period perturbations. 
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12.   REMARKS ON SOLAR PERTURBATIONS 

The previous formulations apply as well to solar perturbations, which are about 

of the same order of magnitude.   In fact, for the Sun, 

Gnv.   ^-s I 

i>2 

(133) 

so that 

rcp 2    3        2   3 
GmO = m^me+m-nOaO=inOaO 

or 

Gmo=Ne>ab  ' NQ « 0. 75 X 10"5 rev2 day"2    , 

which is of the same size as N*.   For the Sun, we have (to the mean equinox of date): 

u0 = 281°13'15V0 + 6189V03 T + 1V63 T   + 0V012 T      , 

2 3 
MQ= 358°28'33V0 + 129596579V10 T - 0V54 T    - 0V012 T      , 

en = 0. 01675104 (supposed constant)    , 

a„ = 1.00000129 (astronomical units)    , 

"O 
= 3548'.'19283 day" 
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We can   consider L», Q0 to be zero.   The mean inclination with respect to the 

equator is £.   For that matter, it cou'd be considered a function of time, but such 

precision is hardly necessary.   The disturbing function is given by Equation (8), while 

(2) is written 

= E^O     K, (134) 

*>2 

The transformation (10) is not necessary, so that the coefficients A   , B.   (Eq. 5) 

retain their original form by using I' = £, the inclination of the orbit of the Sun with 

respect to the equator.   It follows that 

vl A 
t +1     t       i       i 

B« ■ »' (I) ($        E'E E   ■« $73$ "imp« W8* 
m=0  p=0   q=0 

X cos [(I - 2p) v - (I - 2q) vQ + mQ]    . (135) 

The secular and long-period part of this is 

til 

R, = a 
2-j   2*i   2-f     2-J   €m (l + m)! Fimp^Fimq^ 

X 

m=0   p=0   q=0    k=-oo 

X<1 + PVi-1Hip0!p.i)(P)Giqk(eo)X 

X cos [(I -2p). u - (i -2q) wn - (i -2q + k) M0 + mfl]    , G 
(.136) 

which for the Sun is used in place of Equation (37).   More precisely: 
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R<mpqk = <m §7^? Fimp^> W* <1 + ß2>"' " ' %<2p-i)« X 

Giqk(eO)Cipqmk   » (137) 

where 

'ipqmk , = cos [(i -2p) w - (i -2q)u>„ - (4 -2q + k)Mn + m£2]    . 
O 

lO (138) 

From this point on, all formulas developed for the Moon can be easily adapted, a task 

not worth undertakirg here. The complete expressions are given by Kaula (1962), and 

the computational procedure is similar to the ones given in the previous sections. 
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